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a b s t r a c t
Given a set D of a cyclic group C, we study the chromatic number of the circulant graph
G(C,D)whose vertex set is C, and there is an edge ij whenever i− j ∈ D∪−D. For a fixed set
D = {a, b, c : a < b < c} of positive integers, we compute the chromatic number of circulant
graphs G(ZN,D) for all N ≥ 4bc. We also show that, if there is a total order of D such that
the greatest common divisors of the initial segments form a decreasing sequence, then the
chromatic number of G(Z,D) is at most 4. In particular, the chromatic number of a circulant
graph on ZN with respect to a minimum generating set D is at most 4. The results are based
on the study of the so-called regular chromatic number, an easier parameter to compute.
The paper also surveys known results on the chromatic number of circulant graphs.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Given a subset D of the nonzero elements of the cyclic group ZN of the integers modulo N, the circulant graph G(ZN,D)
has ZN as a vertex set, and ij is an edge if and only if i− j belongs to D∪ (−D). A similar definition with the group of integers
Z in the place of ZN is usually called the distance graph. The study of the chromatic number of distance graphs goes back to
the work of Eggleton, Erdős and Skilton [18,19] in the early 80s. These authors observed that a distance graph G(Z,D) with
chromatic number k always admits a periodic coloring with k colors. Such a coloring provides a proper k-coloring of G(ZN,D)
for every multiple N of the period. We thus consider the study of the chromatic number of circulant graphs by including the
distance graphs in the class.
Babai and Sós [1] proved that every graph is an induced subgraph of some Cayley graph and, in particular, every graph is
an induced subgraph of a distance graph, a problem recently considered by Ferrara, Kohayakawa and Rödl [20]. These results
suggest that the determination of the chromatic number may not be easier when restricted to the class of circulant graphs.
Indeed it was proved by Codenotti, Gerace and Vigna [12] that determining the chromatic number of circulant graphs is an
NP-hard problem.
Zhu [38] considered a special class of colorings of distance graphs, the so-called regular colorings. A k-regular coloring
of Z with step λ ∈ R is the function cλ(x) = bλxc(mod k). The minimum number of colors of a regular and proper
coloring of G(Z,D) is the regular chromatic number of the distance graph. We discuss this parameter in Section 2. The regular
chromatic number is an easier parameter to compute (see Proposition 1) and it is connected to the well-known Lonely
Runner Conjecture [35,14]. Even if the gap between the ordinary and the regular chromatic numbers can be arbitrarily large
(e.g. Proposition 2), the regular chromatic number can give useful upper bounds for the ordinary one. In [2] the so-called
Prime Filtering Lemma was introduced as a useful tool in computing the regular chromatic number. We close Section 2 with
a more general version of this result (Lemma 1) which is applied in the following sections.
As we have already mentioned, the chromatic numbers of the distance graph G(Z,D) and the circulant graphs G(ZN,D)
are closely connected. It is not difficult to show that, for N large enough, the latter is not more than twice the former. For
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the regular chromatic number there is a closer relationship: we show in Section 3 that, for a fixed distance set D, the regular
chromatic numbers of G(Z,D) and G(ZN,D) differ at most by one for N large enough (Theorem 1).
The chromatic number of circulant (or distance) graphs of small degree has been widely considered in the literature. In
Section 4 we survey known results on the chromatic number of circulant graphs of degree up to 6. For |D| = 3 (degree five
or six), the regular and ordinary chromatic numbers coincide, and they are computed for distance graphs by Zhu [37]. For
circulant graphs there are some partial results [36,28,29]. We compute this number for all circulant graphs G(ZN,D) with
D = {a, b, c : a < b < c} and N ≥ 4bc (Theorem 6).
A sequence {d1, d2, . . .} of integers is lacunary if di−1/di ≥ ρ > 1 for some real ρ and each i = 1, 2, . . . . Answering a
question by Erdős, Katznelson [22] proved that the chromatic number of a distance graph on a lacunary sequence is finite.
Ruzsa, Tuza and Voigt [32] give specific bounds on the chromatic number of distance sets with large growth rate. In Section 5
we consider different kinds of sparse sets for which the regular chromatic number is small. We slightly improve the growth
ratio of a sequence in order to have a regular chromatic number at most |D| + 1 (Proposition 4.) The Prime Filtering Lemma
provides examples of sparse sets with small chromatic number, and it can be applied to show that sets which admit an
ordering for which the greatest common divisors of the initial segments form a decreasing sequence have regular chromatic
number at most 4 (Theorem 8.) In particular, circulant graphs with respect to a minimum generating set have chromatic
number at most 4.
The last section of the paper discusses some additional problems and contains final remarks.
We shall use the following notation. We denote the chromatic number of G(Z,D) simply byχ(D), andχ(N,D) denotes the
chromatic number of G(ZN,D). For integers x and N we denote by (x)N the residue class of x modulo N in {0, 1, . . . ,N−1} and
by |x|N the residue class of x or−x modulo N in {0, 1, . . . , bN/2c}. Given a set D and a number λ, we write λ ·D := {λd, d ∈ D}.
By abuse of notation, we use the same symbol to denote a set of integers and the set of its congruence classes modulo N as
a subset of ZN .
We say that two sets D,D′ ⊂ ZN are equivalent if there is an inversible element λ ∈ ZN such that λ ·D = D′. Equivalent sets
give rise to isomorphic circulant graphs. Since a disconnected circulant (or distance) graph is a disjoint union of isomorphic
copies of circulant graphs, we assume that the graphs under consideration are connected. This means that we assume
gcd(D) = 1 (in the case of circulant graphs G(ZN,D) the condition of being connected translates to gcd(D,N) = 1, but
then D is equivalent to some set D′ with gcd(D′) = 1).
Let p be a prime. The p-adic valuation of an integer x, denoted by νp(x) is the largest power of p dividing x. For a set D we
write νp(D) = {νp(d) : d ∈ D}.
2. Regular chromatic number
The notions of regular colorings and the corresponding regular chromatic number of distance graphs were introduced by
Zhu [38]. These notions are connected to diophantine approximation problems in number theory and as such they allow for
some algebraic and number theoretical treatment.
A k-regular coloring of Z with step λ ∈ R is the function:
cλ,k(x) = (bλxc)k .
Given a set D of positive integers, the regular chromatic number of the distance graph G(Z,D), which we denote by χr(D), is
the minimum k such that there is a proper k-regular coloring of G(Z,D), that is,
χr(D) = min{k ∈ N : there is λ ∈ R such that cλ,k(d) 6= 0 for each d ∈ D}. (1)
In view of (1) it is useful to consider the parameter κ(D) (this notation was introduced by Wills [35]) defined as follows:
κ(D) = sup
t∈R
inf {‖td‖ : d ∈ D} ,
where, for a real number x, ‖x‖ denotes the distance from x to its nearest integer.
The relationship between κ(D) and χr(D) is given by:
χr(D) = d1/κ(D)e.
We extend the above definitions to ZN as follows. Given a subset D ⊂ ZN \ {0}, we define
χr(N,D) = min{k ∈ N : there is j ∈ ZN such that |jd|N ≥ N/k for each d ∈ D},
and
κ(N,D) = sup
t∈ 1N Z
inf {‖td‖ : d ∈ D} .
Thus,
χr(N,D) = d1/κ(N,D)e.
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By convention, if 0 ∈ D we set χr(N,D) = ∞ and κ(N,D) = 0. From the above definition, χr(N,D) ≤ k if and only if, for
any set of integers D′ ≡ D (mod N), there is a proper regular k-coloring of the distance graph G(Z,D′) with step λ for some
λ ∈ 1
N
Z. In particular, for each pair of positive integers h and N we have
χr(D) ≤ χr(hN,D) ≤ χr(N,D), and κ(D) ≥ κ(hN,D) ≥ κ(N,D).
Wills [35] proves that κ(D) ≥ 1/2|D|, which gives a Brooks like upper bound for the regular chromatic number:
χr(D) ≤ 2|D|. (2)
An improvement of the above lower bound when |D| ≥ 4 is given by Cusick and Chen in [11]: κ(D) ≥ 1/(2|D|−3) if 2|D|−3 is
a prime and κ(D) ≥ 2/(4|D|−5) if 4|D|−5 is a prime. The following conjecture, introduced by Wills [35] and independently
by Cusick [14] has been given the picturesque name of the Lonely Runner Conjecture by Goddyn [5].
Conjecture 1 (Wills [35], Cusick [14]). Let D be a finite set of nonzero real numbers. Then
κ(D) ≥ 1|D| + 1 .
Equivalently, the Lonely Runner Conjecture states that χr(D) ≤ |D| + 1. If true, the conjecture is best possible: by taking
D = {1, 2, . . . , k}, the graph G(Z,D) has a clique of order k + 1 and k + 1 ≤ χ(D) ≤ χr(D). The conjecture has been proved
for |D| = 3 by Betke and Wills [4] and Cusick [14–16], for |D| = 4 by Cusick and Pomerance [13] and Bienia et al. [5], and for
|D| = 5 by Bohman, Holtzman and Kleitman [6] and Renault [31]. The case |D| = 6 has been recently settled by the present
authors [3].
The parameter κ(D) can be computed from the values of κ(N,D) for N ∈ D+ D, as is shown in [26]. More precisely, let us
denote the set of sums of distinct elements of D by D+˙D = {d+ d′ : d, d′ ∈ D, d 6= d′}.
Proposition 1 (Liu, Zhu, [26]). Let D be a finite set of positive integers. Then,
κ(D) = max{κ(N,D) : N ∈ D+˙D}.
Proposition 1 shows that κ(D), and consequently χr(D), can be computed in polynomial time in max(D). Zhu [37] showed
that, for D = {1, 3, 4, 7} we have 4 = χ(D) < χr(D) = 5. We next give examples which show that the gap between the
regular and ordinary chromatic numbers can be arbitrarily large. Recall that νp(d) denotes the largest power of p which
divides d.
Proposition 2. Let m be a positive integer and let
Dm = {d ∈ N : d < 22m such that ν2(d) ∈ {0,m}}.
Then,
χ(Dm) = 4 and χr(Dm) = 2m+1.
Proof. Partition Dm = D(0)m ∪ D(m)m according to the values of ν2. All elements in D(0)m are odd integers and all elements in D(m)m
are odd multiples of 2m. Hence the graphs G(Z,D(0)m ) and G(Z,D(m)m ) are both bipartite. Since G(Z,Dm) is the edge-disjoint
union of the two, we have χ(Dm) ≤ 4. Moreover, the subgraph of G(Z,Dm) induced by the vertices {0, 2m, 2m + 1, 2m+1 + 1}
is a clique, so that χ(Dm) = 4.
We shall show that κ(Dm) ≤ 2−(m+1). By Proposition 1 it suffices to check that κ(N,Dm) ≤ 2−(m+1) for each N ∈ Dm+˙Dm,
in particular, for N < 22m+1. Suppose that the result is false and let N ∈ Dm+˙Dm be the smallest positive integer such that
κ(N,D) > 1/2m+1, that is,
there is λ ∈ ZN for which |λd|N > N/2m+1 for each d ∈ D. (3)
We have N ≥ 2m+1, since otherwise 0 ∈ Dm (mod N) and κ(N,Dm) = 0. Let g = gcd(λ,N), λ′ = λ/g and N′ = N/g.
Then |λ′d|N′ ≥ N′/2m+1. By the minimality of N we have g = 1 and λ is invertible in ZN . If N is even then |λ−1|N ∈ Dm and
|λλ−1|N = 1 ≤ N/2m+1, contradicting (3). Hence we may assume that N is odd. Then N > 22m since otherwise 0 ∈ Dm (mod N)
and κ(N,Dm) = 0. On the other hand, since N ∈ Dm+˙Dm, we have N < 22m+1. Let k = ν2(|λ−1|N). Note that there is 0 ≤ r < m
such that 2r|λ−1|N ∈ Dm; indeed, this is so if k = 0, we can take r = m − k if 0 < k ≤ m and if k > m, since N < 22m+1, we
have N/2 < 2r|λ−1|N < N for some such r. Hence |λ2rλ−1|N = 2r < N/2m+1 since N ≥ 22m, a contradiction with (3).
Note that, when N = 2m + 1 we trivially get κ(N,D) = 1/2m+1 so that χr(D) = 2m+1. 
In spite of the above proposition the regular chromatic number may give good bounds for the chromatic number of
distance graphs and circulant graphs. Moreover, it is usually a simpler parameter to compute. The so-called Prime Filtering
Lemma was introduced in [2] as a useful tool for this purpose. We next give a more general version of this lemma. For this
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we extend the notion of p-adic valuation νp(x) of a positive integer x as follows. Given a sequence s = (s1, s2, . . .) of positive
integers with si > 1 for each i we denote by
νs(x) = max
{
i : x ≡ 0
(
mod
i∏
j=1
sj
)}
.
Thus, νp(x) = νs(x) for s = {p, p, p, . . .}. For a set D we write νs(D) = {νs(d) : d ∈ D}.
Lemma 1. Let D be a finite subset of positive integers and s = (s1, s2, . . .) a sequence of positive integers all greater than one.
Let m = max νs(D) and D(i) = {d ∈ D : νs(d) = i}, 0 ≤ i ≤ m. Denote by ti = ∏j≤i si. Let tm+1 = pα11 · · · pαkk be the prime
factorization of tm and set N = pα1+11 · · · pαk+1k . Assume that
gcd(d, ti+1) = ti for each d ∈ D(i), 0 ≤ i ≤ m. (4)
Then
κ(N,D) ≥ min
{⌊
si+1 − 1
|D(i)|
⌋ 1
2si+1
, 0 ≤ i ≤ m, |D(i)| 6= 0
}
.
Proof. Denote by q the stated lower bound for κ(N,D). We also denote by E(i) = ∪j≥i D(j), so that E(0) = D and E(m+1) = ∅.
Let r be the smallest r ≤ m + 1 such that there is λr ∈ ZN such that gcd(λr, tm+1) = 1 and |λrd| ≥ qN for each d ∈ E(r).
Suppose that r > 0. In particular, D(r − 1) 6= ∅. Let
Λ =
{
j
N
tr
+ 1 : j = 0, 1, . . .
}
,
and λ ∈ Λ. Note that, for each d ∈ E(r), we have (dN/tr)N = 0, and thus |λ(λrd)|N = |λrd|N . On the other hand, since every
prime dividing tm+1 also divides N/tr , we have gcd(λ, tm+1) = 1. In particular, νs(λλrd) = νs(d) for each d ∈ D.
By (4), for each d ∈ D(r − 1), we have gcd(d, tr) = tr−1 and thus gcd(N, dN/tr) = N/sr . Hence, Λ · d = 〈N/sr〉 + d, where
〈N/sr〉 denotes the subgroup of ZN generated by N/sr . Since an interval of ZN of length ` contains at most dsr`/Ne elements
in the coset 〈N/sr〉 + d, we have
|{λ ∈ Λ : |λλrd|N < qN}| ≤ d2qsre.
Thus, since by the definition of q, |D(r − 1)|d2qsre < sr = |Λ|, there is λ ∈ Λ such that
|λλrd| ≥ qN, for each d ∈ E(r − 1),
contradicting the minimality of r. Hence r = 0 and there is λ0 ∈ ZN such that |λ0D|N ≥ qN or, equivalently, κ(N,D) ≥ q. 
The following is usually a more manageable form of Lemma 1.
Lemma 2. Let D be a finite set of positive integers and p a prime. Let m = max νp(D). Assume that
|D(i)| ≤ (p− 1)/2,
for each i = 0, 1, . . . ,m− 1, where D(i) = {d ∈ D : νp(d) = i}. Then
χr(D) ≤ p.
Proof. Take s = (p, p, . . .). Note that condition (4) holds in this case. By Lemma 1 applied toD\D(m)we have κ(N,D\D(m)) ≥
q where N = pm+1 and
q = min
0≤i<m
⌊
p− 1
|D(i)|
⌋ 1
2p
≥ 1
p
.
Moreover, as shown in the proof of the lemma, there is λ ∈ ZN relatively prime with p such that |λd|N ≥ qN ≥ N/p for each
d ∈ D \ D(m). Now, if d ∈ D(m), then λd belongs to the subgroup of ZN generated by pm, and we have |λd|N ≥ N/p as well.
Hence, κ(N,D) ≤ 1/p and thus χr(D) ≤ χr(N, d) ≤ p. 
It follows from the simple inequality (2) that, for a given set D of positive integers, every subset D′ ⊂ D of cardinality at
most b(|D| + 1)/2c verifies χr(D′) ≤ |D| + 1. As a first application of Lemma 2 we have the following partial improvement of
this version of the result.
Proposition 3. Let p be a prime and D a set of p−1 positive integers. There is a subset D′ ⊂ D of cardinality at least b3(|D|+1)/4c
with χr(D′) ≤ |D| + 1.
Proof. Let r be the positive integer such that |D(r)| = max{|D(i)|, 0 ≤ i < m}. If |D(r)| ≤ b3p/4c − 1 we can select a
subset D′(r) ⊂ D(r) of cardinality min{|D(r)|, (p− 1)/2} and apply Lemma 2 to D′ = (D \ D(r))∪ D′(r), which has cardinality
|D′| ≥ p− 1− (b3p/4c − 1)+ (p− 1)/2 ≥ b3p/4c. If |D(r)| ≥ b3p/4cwe can apply the lemma to D′ = D(r). 
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3. Circulant graphs with large order
In this section we consider the behaviour of χ(N,D) and χr(N,D) for a fixed set D of positive integers as a function of N.
The following is a simple observation.
Remark 1. Let D be a finite set of positive integers. Then χ(N,D) ≤ 2χ(D) for all N > 2 max(D).
Proof. Let c be a proper coloring of G(Z,D)with colors {1, 2, . . . , k}where k = χ(D). Consider the coloring c′ of the interval
[0,N − 1] given by
c′(x) =
{
c(x), 0 ≤ x ≤ bN/2c
c(x)+ k, bN/2c < x < N.
Then c′ is clearly a proper coloring of the subgraph of G(Z,D) induced by the integers in [0,N−1]. Since bN/2c ≥ (N−1)/2 ≥
max(D), the coloring c1(x) = c′(x mod N) is a proper periodic coloring with period N of G(Z,D). 
A closer relation between the regular chromatic numbers of G(Z,D) and G(ZN,D) is given by the next result. Let D be a
finite set of positive integers. For d ∈ D and a positive integer k let us denote by
I(d, k) =
d−1⋃
a=0
[
ak+ 1
kd
,
(a+ 1)k− 1
kd
]
⊂ [0, 1] and I(D, k) =⋂
d∈D
I(d, k). (5)
Note that there is λ ∈ [0, 1] such that ‖λd‖ ≥ 1/k if and only if λ ∈ I(d, k). Thus,
‖λD‖ ≥ 1/k if and only if λ ∈ I(D, k). (6)
Theorem 1. Let D be a finite set of positive integers. Let L = max{lcm(d, d′) : d, d′ ∈ D}. Then
χr(D) ≤ χr(N,D) ≤ χr(D)+ 1, for all N ≥ N0, (7)
where N0 = (b1/κ(D)c + 1)L. Moreover, if 1/κ(D) is not an integer, then χr(N,D) = χr(D) for all N ≥ N0.
Proof. The lower bound in (7) is clear from the definitions. Denote by ∂I(D, k) the topological boundary of I(D, k). Note that
λ ∈ ∂I(D, k) implies λ ∈ 1
kd
Z for some d ∈ D. (8)
Let λ ∈ [0, 1] such that ‖λ · D‖ = κ(D). If k > 1/κ(D) then there is some  > 0 such that the interval [λ − ,λ + ] is
contained in I(D, k). Therefore, there is an interval [a, b] ⊂ I(D, k)with a < b both in ∂I(D, k). By (8), we have a, b ∈ 1
k·lcm(d,d′)Z
for some d, d′ ∈ D.
By taking k = b1/κ(D)c + 1, we have N0 = kL ≥ k · lcm(d, d′) for all d, d′ ∈ D, and so 1NZ ∩ [a, b] 6= ∅ for each N ≥ N0.
Hence, χr(N,D) ≤ k ≤ χr(D)+ 1, proving (7). Moreover, if 1/κ(D) is not an integer, then k = χr(D). 
For the values of |D| for which the Lonely Runner Conjecture is known to be true, Theorem 1 gives the following corollary.
Corollary 1. Let D be a set of positive integers with |D| ≤ 6. Then
χ(N,D) ≤ |D| + 2,
for all N ≥ (|D| + 2)(max(D))2.
The validity of the Lonely Runner Conjecture would imply the statement of Corollary 1 for each finite set D. Moreover, for
D = {1, 2, . . . , k}we have χ(N,D) = k+ 2 unless N ≡ 0 (mod k), so that the upper bound for χ(N,D) in the above corollary
is tight.
4. Circulant graphs with degree at most six
The study of chromatic number of circulant graphs of small degree has been widely considered in the literature. The
degree of χ(N,D) is 2|D| − 1 if N/2 ∈ D and 2|D| otherwise. Circulant graphs of degree 2 are just cycles, so their chromatic
number is 2 or 3 according to the parity of N. For degree 3 or 4 (|D| = 2) the computation of the chromatic number of G(N,D)
starts to be nontrivial. A characterization for the case D = {1, b} was given by Yeh and Zhu [36] in connection with the
chromatic number of 4-regular quadrangulations of the torus. The complete characterization was given by Heuberger [21]
and is described in the following result.
Theorem 2 (Heuberger [21]). Let D = {a, b} be a generating subset of ZN not containing 0. Then χ(N,D) = 3 except in the
following cases:
(i) a and b are both odd and N is even, in which case χ(N,D) = 2.
(ii) b = 2a or a = 2b and N 6≡ 0 (mod 3), in which case χ(N,D) = 4.
(iii) N = 13 and D is equivalent to {1, 5}, in which case χ(13,D) = 4, or N = 5, with χ(N,D) = 5.
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Let us now consider the case D = {a, b, c}. After some partial results [10,17,18,34] the computation of the chromatic
number of distance graphs G(D,Z) with |D| = 3 was finally settled by Zhu [37], where sufficiently accurate bounds on the
circular and fractional chromatic numbers of G(Z,D) are obtained to prove the following result.
Theorem 3 (Zhu,[37]). Let D = {a, b, c} with a < b < c and gcd(a, b, c) = 1. Then χ(D) = 3 unless one of the following holds:
(i) a, b and c are all odd, in which case χ(D) = 2.
(ii) Either D = {1, 2, 3m}, m ≥ 1, or c = a+ b and b− a 6≡ 0 (mod 3), in which case χ(D) = 4.
The complete characterization of χ(N,D) is more involved and some partial results are known. Again Yeh and Zhu [36]
considered the special caseD = {1, b, b+1} in connection with the characterization of 4-chromatic 6-regular toroidal graphs.
Meszka, Nedela and Rosa [28] extended the classification to the case where c = a+ b (or−c = a+ b) as follows.
Theorem 4 (Meszka, Nedela and Rosa [28]). Let D = {a, b, c} be a generating subset of ZN , N ≥ 7. Assume that N/2 6∈ D and that
|c|N = |a+ b|N . Then χ(N,D) = 4 unless one of the following holds:
(i) None of a, b and c are divisible by 3 and N ≡ 0 (mod 3), in which case χ(N,D) = 3.
(ii) D is equivalent to {1, 2, 3} and N 6≡ 0 (mod 4), N 6= 7, 11, in which case χ(N,D) = 5.
(iii) D is equivalent to {1, 3, 4} and N ∈ {13, 17, 18, 25}, or D is equivalent to {1, 7, 8} and N ∈ {19, 26} or D is equivalent to
{1, 6, 7}, N = 33 or D is equivalent to {1, 10, 11}, N = 37. In all the above cases, χ(N,D) = 5.
(iv) D is equivalent to {1, 2, 3} and N = 7 (χ(N,D) = 7) or N = 11 (χ(N,D) = 6).
More recently [29] the same authors managed to give a complete characterization for χ(N,D) when D = {a, b,N/2},
corresponding to the circulant graphs of degree five.
It was shown by Zhu [37] that, for |D| = 3, the regular and ordinary chromatic numbers of G(Z,D) coincide. Moreover,
Chen [8] has characterized the sets of cardinality three for which 1/κ(D) is an integer. The following statement is a
reformulation of the results in [8,9].
Theorem 5 (Chen, [8,9]). Let D be a set of three positive integers. We have
κ(D) =

1/2 if D ⊂ 2Z+ 1;
1/3 if

D = {x, 2x, y} with x > 1, or
D = {1, 2, y} with y 6≡ 0 (mod 3), or
D = {x, y, x+ y} with x ≡ y (mod 3), or
D ∈ {{1, 5, 8}, {2, 3, 10}}
1/4 if D = {1, 2, 3}.
Moreover,
κ(D) ∈
(1
4
,
1
3
)
if either D = {1, 2, 3x}, x > 1, or D = {x, y, x+ y}, x 6≡ y (mod 3),
and κ(D) ∈ (1/3, 1/2) in any other case.
As an application of Theorems 1 and 5 we have the following result:
Theorem 6. Let D = {a, b, c} with a < b < c and gcd(a, b, c) = 1. Let N ≥ 4bc. Then χ(N,D) = 3 unless one of the following
conditions holds:
(i) All elements in D are odd and N is even, in which case χ(N,D) = 2.
(ii) D = {1, 2, 3}, in which case χ(N,D) = 4 if N ≡ 0 (mod 4) and χ(N,D) = 5 otherwise.
(iii) D = {x, 2x, y}, (x, y) 6= (1, 3) and either ν3(N) ≤ ν3(x) or ν3(y) > 0 and gcd(x,N) = 1, in which case χ(N,D) = 4.
(iv) D = {x, y, x + y}, (x, y) 6= (1, 2) and either one of x, y, x + y is a multiple of 3, or N is not a multiple of 3, in which case
χ(N,D) = 4.
(v) D ∈ {{1, 5, 8}, {2, 3, 10}}modulo N and N 6≡ 3 or N 6≡ 6 respectively, in which case χ(N,D) = 4.
Proof. Case (i) is clear, and Case (ii) holds forN ≥ 12 as shown in Theorem 4(ii). For the remaining cases we apply Theorem 1,
since the value of N0 in that theorem verifies N0 ≤ 4bc, and the values of κ(D) given in Theorem 5.
Case (iii). Note that, if χr(N, {x, 2x, y}) = 3 then there is λ ∈ ZN such that
|λx|N = N/3 and |λy|N 6= 0. (9)
The first equality in (9) implies that 3λx = kN for some k not divisible by 3 and so ν3(N) ≥ ν3(x)+1. Therefore ν3(N) ≤ ν3(x)
implies 3 < χr(N,D) ≤ χr(D) + 1 = 4. Suppose ν3(N) ≥ ν3(x) + 1. From the inequality |λy|N 6= 0 in (9), we have
|ykN/(3x)|N 6= 0 so that |ykN/(3x)|N 6= 0 and hence 3x does not divide yk. Therefore either ν3(y) = 0 or gcd(x,N) > 1.
Conversely, if both conditions in (9) hold then we can find some λ′ ∈ ZN of the form 2s for some integer s such that
|λ′λy| ≥ N/3, and |λ′λx|N = N/3; then χr(N,D) = 3.
In the last two cases we use the notation from (5).
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Case (iv). If λ ∈ I({x, y, x + y}, 3) then ‖λx‖ = ‖λy‖ = ‖λ(x + y)‖ = 1/3. Hence we have λ = j/(3x) = k/(3y) for some
j < 3x, k < 3y and, from gcd(x, y) = 1, we deduce I({x, y, x+ y}, 3) ⊂ {1/3, 2/3}. It is easy to check that equality only holds
if x ≡ y (mod 3) and χr(N, {x, y, x+ y}) = 3 if and only if furthermore N ≡ 0 (mod 3).
Case (v). A direct computation shows that I({1, 5, 8}, 3) = {1/3, 2/3}, and χr(N, {1, 5, 8}) = 3 if and only if N ≡
0 (mod 3). Similarly, I({2, 3, 10}, 3) = {1/6, 5/6}, and χr(N, {2, 3, 10}) = 3 if and only if N ≡ 0 (mod 6). 
5. Circulant graphs with sparse sets
Ruzsa, Tuza and Voigt [32] give a sufficient growth condition on a set D in order to have a finite chromatic number χ(D).
In particular, they showed that sparse sets D give rise to distance graphs with small regular chromatic number:
Theorem 7 (Ruzsa, Tuza, Voigt, [32]). Let D = {d1, d2, . . .} be an infinite distance set such that there exists an integer k ≥ 3 with
di+1 ≥ 2k−2k−2 di for all i ≥ 1. Then χr(D) ≤ k.
By using the same idea as in the proof of Theorem 7, the growth ratio of the sequence can be reduced to 2 for a finite set
D yielding χ(D) ≤ |D| + 1. Thus Conjecture 1 holds for such sets.
Proposition 4. Let D = {d1, d2, . . . , dk−1} with di+1 ≥ 2di for each 1 ≤ i ≤ k− 2. Then χr(D) ≤ k.
Proof. We show by induction that, for each i, there is an interval [ai, bi] contained in I({d1, . . . , di}, r) of length li ≥
(k − 1 − i)/kdi. It is clear that I(d1, k) = ⋃k−1a=0[ ak+1kd1 , (a+1)k−1kd1 ] contains intervals of length (k − 2)/kd1. Given an interval[a, b] of length l and a positive integer d, there is an interval in [a, b]∩ I(d, k) of length at least min{l/2−1/(kd), (k−2)/(kd)}.
By the induction hypothesis, I({d1, . . . , di}, k) contains an interval [ai, bi] of length li ≥ (k− 1− i)/kdi. Thus:
li
2
− 1
kdi+1
≥ k− 1− (i+ 1)
kdi+1
and, by the above remark, I({d1, . . . , di+1}, k) = I({d1, . . . , di}, k) ∩ I(di+1, k) contains an interval [ai+1, bi+1] of length
li+1 ≥ (k−1− (i+1))/(kdi+1), which is a non-negative number for i < k−1. Moreover, we have lk−1 ≥ 1/2kdi−1/kdi+1 ≥ 0
where the last equality holds only if dk−1 = 2dk−2. However, in this case we have ak−2, bk−2 ∈ I(D, k) 6= ∅, which implies
χr(D) ≤ k. 
The condition of the growth rate of the sequence in the above result can be modified by requiring a larger growth rate
but only for the upper half of the set D as stated in Proposition 5 below. Let us first give the following lemma.
Lemma 3. Let D be a finite set of positive integers and L = max{lcm(d, d′) : d, d′ ∈ D}. If x ≥ 2L then,
χr(D ∪ {x}) ≤ χr(D)+ 1, (10)
and, if the equality holds, then 1/κ(D) is an integer. Moreover, if x > 2L then 1/κ(D ∪ {x}) is not an integer.
Proof. By applying (6) and (8) with k = b1/κ(D)c + 1 we have [a, b] ⊂ I(D, k)with a, b ∈ 1
k lcm(d,d′) for some d, d
′ ∈ D. Hence
b− a ≥ 1/(kL) ≥ 2/(kx). (11)
On the other hand, [0, 1] \ I(x, k) is a union of intervals of length at most 2/kx. Thus
I(x, r) ∩ [a, b] 6= ∅
and there is λ such that ‖λ(D ∪ {x})‖ ≥ 1/k. This proves the first part of the lemma. Furthermore, if x > 2L then the last
inequality in (11) is strict, so that I(x, k) ∩ [a, b] contains some interval [c, d]with c < d and ‖(c+ )(D ∪ {x})‖ > k for every
small enough  > 0. Hence 1/κ(D ∪ {x}) is not an integer. 
By repeatedly applying the above lemma we have:
Proposition 5. Let D = {d1, d2, . . . , dk} be a set of positive integers with k ≥ 4 and d1 < d2 < · · · < dk. Assume that
di > kdi−1di−2 for each i ≥ bk/2c + 1. Then
χr(D) ≤ |D| + 1.
Proof. Let m = bk/2c. By the basic inequality (2) we have χr(d1, . . . , dm) ≤ 2m ≤ k. By Lemma 3 and the condition
di > kdi−1di−2, i > m, we have χr(d1, . . . , dm, dm+1) ≤ k + 1 and 1/κ(d1, . . . , di) is not an integer for each i > m. Thus
χr(D) ≤ k+ 1. 
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A different growth condition which also provides small regular chromatic numbers can be obtained by modifying the
proof of the Prime Filtering Lemma (Lemma 1). We give first the version for circulant graphs.
A generating D set of ZN is minimal if D \ {d} generates a proper subgroup for each d ∈ D. The set D is a quasiminimal
generating set of Zn if there is an ordering D = {d1, d2, . . . , dk} of the elements of D such that the first i elements generate
a proper subgroup of the one generated by the first i + 1 elements for each i = 1, . . . , k − 1. An example is given by the
geometric progression P = {1, d, d2, . . . , dm}. Obradović, Peters and Ružić [30] exhibit an explicit coloring which shows that
χ(N, P) ≤ 3 for N = cdm, 1 < c ≤ d and d ≥ 3. We next show that χ(N,D) ≤ 4 for every quasiminimal generating set D and
give a sufficient condition to reduce this upper bound to three.
Theorem 8. Let D = {d1, d2, . . . , dk} be a quasiminimal generating set of ZN . Then
χ(N,D) ≤ 4.
Moreover, if gcd(d1, d2, . . . , di,N) > 2 gcd(d1, d2, . . . , di+1,N), 1 ≤ i < k, then
χ(N,D) ≤ 3.
Proof. Let gi = gcd(d1, . . . , di,N) for 1 ≤ i ≤ k and g0 = N. Define si = gi−1/gi and E(i) = {d1, . . . di}.
There is λ1 ∈ {1, . . . , d1 − 1}which satisfies |λ1d1|N ≥ N/3. Moreover gcd(λ1,N)d1 divides N.
Suppose that there is λi ∈ ZN , i ≥ 1, verifying
|λiE(i)|N ≥ N/4 and ligi divides N, (12)
where li = gcd(λi,N). If i = k then χr(N,D) ≤ 4. Assume that i < k. Let
Λ =
{
j
N
ligi
+ 1 : j = 0, 1, . . . si − 1
}
.
We have gcd(N,Nλidi+1/(ligi)) = N/si+1. Hence, d · Λ = 〈N/si+1〉 + d, where 〈N/si+1〉 denotes the subgroup of ZN generated
by N/si+1.
At least one element of 〈N/si+1〉 falls in the interval [N/4, 3N/4]. Let λ′ ∈ Λ such that |λ′dr+1|N ≥ N/4 and let
Λ′ =
{
j
N
ligi+1
+ λ′ : j = 0, 1, . . . gi+1 − 1
}
.
Since Λ′ = λ′ + 〈N/(ligi+1)〉, we can select λ′i+1 ∈ Λ′ such that gcd(λ′i+1,N) = gcd(λ′,N/(ligi+1)) = l′i+1.
Let us show that λi+1 = λ′i+1λi verifies the two conditions in (12). For each d ∈ E(i), we have (λidN/(ligi))N = 0,
so that |λ′i+1(λid)|N = |λid|N ≥ N/4. On the other hand, (λidi+1N/(ligi+1))N = 0. Therefore, by the choice of λ′i+1, we
have |λ′i+1(λidi+1)|N = |λ′(λidi+1)|N ≥ N/4. Moreover, by the definition of λi+1, we have gcd(λi+1,N/(ligi)) = 1 and thus
li+1 = gcd(λ′, si+1 ·N/(ligi)) = gcd(λ′, si+1), and so gcd(λ,N)gi+1 divides li+1ligi+1 which divides ligi a divisor of N. This shows
that condition (12) holds for i = k and χr(N,D) ≤ 4. The same argument shows that the stronger condition that gi > 2gi+1
leads to χr(N,D) ≤ 3. 
In particular we have the following analogous statement for distance graphs.
Corollary 2. Let D = {d1, d2, . . . , dk} be a set of positive integers with gcd(D) = 1. Let gi = gcd(d1, . . . , di), 1 ≤ i ≤ k. If
gi > gi+1, 1 ≤ i < k, then
χr(D) ≤ 4.
Moreover, if gi > 2gi+1, 1 ≤ i < k, then
χr(D) ≤ 3.
6. Final remarks
There are some additional results on the subject that we have not mentioned in the preceding sections. Perhaps one
of the most studied cases among the ones we have not considered is related to distance sets obtained from an arithmetic
progression by deleting a sparse arithmetic progression; see e.g [27,25] and the references therein.
A problem which has raised some attention is the characterization of distance graphs with large chromatic number, that
is, the characterization of sets D such that χ(D) attains it upper bound |D| + 1. Based on the known results for |D| ≤ 4 and
for particular classes of distance sets, Zhu [37] formulated the following conjecture:
Conjecture 2. Let D be a finite set of integers. If χ(D,Z) = |D| + 1 then D contains three not necessarily distinct elements a, b, c
with a+ b = c.
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The results for |D| ≤ 4 suggest that a stronger result might be true: if the upper bound |D| + 1 is reached then the graph
G(D,Z) contains a clique of size at least |D|. The distance graphs with clique number ω(G(Z,D)) ≥ |D| were characterized
by Kemnitz and Marangio [23]. The same authors determined the chromatic numbers of the corresponding distance graphs
[23,24]. Chang, Huang and Zhu [7], Chen [8] and Liu and Zhu [26] determine the values for κ(D) of distance graphs G(Z,D)
with clique size at least |D|. The complete characterization of sets with |D| = 4 and χ(D,Z) = 5 was given by the present
authors [2]. As a consequence of these results, for |D| ≤ 4, the maximum value χ(D) = |D| + 1 is only reached when the
clique number of the graph is at least |D|. This condition is no longer necessary for |D| ≥ 5 as shown by Soták [33]. He shows
that the set D = {1, 2, . . . ,m− 1,m+ 1, 4m} verifies ω(D,Z) = |D| − 1 and χ(D) = |D| + 1. However we believe that there
are no triangle-free distance graphs with chromatic number χ(Z,D) = |D| + 1, as stated in Conjecture 2.
We have seen several examples in the above sections in whichχr(D) is obtained fromχr(N,D) for someN and reciprocally,
that the knowledge of χr(D) allows us to give bounds for χr(N,D). The results in Section 4 also illustrate the fact that the
exact computation of χ(N,D) for all N may bring a host of particular cases for small values of N. Thus it seems reasonable to
concentrate on bounds for the chromatic number for fixed distance sets D and large enough N.
Let N(D) denote the smallest N for which χr(N,D) ≤ χr(D) + 1, and the inequality is strict unless 1/κ(D) is an integer.
Theorem 1 shows that N(D) ≤ (χr(D)+ 1)(max(D))2. However it is likely that this upper bound can be improved.
Zhu [38] shows that there is a periodic regular coloring ofG(Z,D)with period at most c(k)max(D), where c(k) is a function
of k = χr(D). It can be then proved that χr(N,D) ≤ χr(D)+ 1 for all N ≥ c′(k)max(D) for some constant c′(k)which depends
only on k. We have already seen examples where the lower bounds on N(D) can be improved. We next show still another
such example.
Proposition 6. Let x < y < N ∈ Z+, y 6= 2x. Let D = {x, y, z} where z ∈ {N/2,N/3}; if N ≥ 6 · lcm({x, y}) then
χr(N,D) ≤ 3.
Proof. Since y 6= 2x, we have κ({x, y}) > 1/3 and there is an interval [a, b] ⊂ I({a, b}, 3) with b − a ≥ 1/(3 · lcm({x, y})).
Since two consecutive elements of 1
N
Z \ 1
z
Z are at most at distance 2/N we have:( 1
N
Z \ 1
c
Z
)
∩ [a, b] 6= ∅,
Thus there is j ∈ ZN such that |j{a, b}|N ≥ 1/3 and |jc|N = c. 
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